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Abstract

In order to investigate the e�ects of the Coriolis force and the duct cross-sectional aspect ratio on turbulent heat
transfer, the large eddy simulation was performed changing the aspect ratio and the rotation number in the range,
0.25±4.0 and 0±5.0, respectively, while the turbulent Reynolds number was 350. In the results, both direct and

indirect in¯uences of the Coriolis force on the turbulence were seen. The relative intensity of these in¯uences
depended on the aspect ratio. The Colburn's j factor showed a higher value for a larger aspect ratio because of
larger heat transfer enhancement on the pressure and side surfaces. # 1999 Elsevier Science Ltd. All rights reserved.

1. Introduction

In the development of high performance gas tur-
bines, e�ective blade cooling is essential because the

higher e�ciency of the turbine requires a higher inlet
gas temperature. Generally, this blade cooling is per-
formed by ®lm cooling at the external surface of the
turbine blade and also by internal forced-convection

cooling which uses winding ¯ow passages inside the
turbine blade. In internal forced-convection cooling,
the real phenomena are made very complicated by

external forces: the Coriolis force and the buoyancy
force in the centrifugal acceleration ®eld. In addition
to these external forces, the e�ects induced by a 1808
sharp turn and turbulence promoters (ribs) installed on

the internal surface result in phenomena that are far

from understood [1].
Many researchers have investigated internal forced-

convective cooling experimentally [2]. On the other

hand, in previous numerical studies, for even a straight
smooth duct, most researchers adopted the Reynolds
average Navier±Stokes equation with a turbulence
model like the k±E two equation model or the algebraic

equation model [3]. Recent advancement in computers
enables us to numerically simulate the ¯uctuating com-
ponents of the turbulent ¯ow by using the large eddy

simulation (LES) or the direct numerical simulation
(DNS). Because LES and DNS directly resolve tem-
poral variation of the ¯uctuating components, the

results are more universal, in other words, more free
from the empirical modeling than the Reynolds aver-
age turbulence models. So far, the turbulent ¯ow in a
stationary square duct was solved using DNS [4,5] and

LES [6,7]. As Launder et al. [8] pointed out, it should
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Nomenclature

AR duct cross-sectional aspect ratio (=H/W )
cp speci®c heat
Cf friction coe�cient (=tw/(0.5rU

2
m))

CS Smagorinsky constant
D hydraulic diameter (=2HW/(H+W ))
Fi external force term

h heat transfer coe�cient
H duct height
j Colburn's j factor (=Num/(RemPr

1/3))

k turbulent kinetic energy
l length scale (=0.5D )
Lp peripheral location
Nu Nusselt number (=hD/l )
Pr Prandtl number (=0.71)
PrSGS Prandtl number of subgrid-scale model (=0.5)
qÇ wall heat ¯ux

Rem Reynolds number (=UmD/n )
Re� turbulent Reynolds number (=u�l/n )
Rom rotation number (=oD/Um)

Ro� rotation number (=ol/u�)
Sij rate-of-strain tensor
t time

T temperature
Tb bulk temperature
Tr friction temperature (=qÇ /(rcpu�))
u, v, w velocities in x, y, z directions

u� friction velocity
Um mean velocity
W duct width

x, y, z transverse, vertical, streamwise directions
Dx, Dy, Dz grid spacing in x, y, z directions

Greek symbols
aSGSj subgrid-scale energy ¯ux

l thermal conductivity
n kinematic viscosity
nt subgrid-scale eddy viscosity

o angular velocity
r density
y dimensionless temperature (=(TÿTb )/Tr )

tSGSij subgrid-scale stress tensor
tw wall shear stress

Subscripts and superscripts
B Blasius

L local value
m duct average or based on mean velocity
w wall

1 fully developed
� friction velocity
+ dimensionless value based on inner scales
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be noted that in order to quantitatively simulate the
¯ow in a rotating system, the second moment closure,

that is, the Reynolds stress equation model, is a mini-
mum requirement considering the non-isotropic e�ect
of the Coriolis force on the turbulence.

The authors' group has performed heat transfer
measurements of a square duct with smooth and rib-
roughened surface con®gurations by using hundreds of

thermocouples in rotating conditions [9] and a large
eddy simulation of a smooth square straight duct with
a dynamic subgrid-scale model in rotating conditions

[10]. In the smooth straight duct results of these pre-
vious studies, the e�ects of the Coriolis force on per-
ipheral variation of the local heat transfer coe�cient,
duct-averaged heat transfer, and friction coe�cients

were investigated. However, in real gas turbine blades,
the cross-sectional aspect ratio of the cooling ¯ow pas-
sage is not unity in most cases, and the e�ect of the

cross-sectional aspect ratio on the heat transfer has not
been investigated in the previous studies. Numerical
results [11,12] are reported using the k±E two equation

turbulence model which showed that the aspect ratio
changed the heat transfer due to the Coriolis induced
secondary ¯ow being strongly a�ected by the aspect

ratio; therefore, further studies are necessary with a
more elaborate treatment of turbulence such as LES or
DNS.
This study deals with a fully developed turbulent

¯ow and its heat transfer in a rectangular duct by
using the large eddy simulation. The duct aspect ratio
was varied in ®ve di�erent values ranging from 0.25 to

4.0. The e�ects of the Coriolis force and the aspect
ratio on the heat transfer are focused on, and the re-
lation between the local heat transfer and the ¯ow

structure is discussed.

2. Numerical analysis

Fig. 1 shows the computational domain and coordi-
nate system used in this study. The duct has a rec-

tangular cross section with a duct height of H and a
duct width of W. The hydraulic diameter of the duct
was calculated as D=2HW/(H+W ). The coordinate

system was ®xed to a rotating duct which had an
angular velocity of o. The streamwise (radially out-
ward) direction was chosen in the z direction; the x

and y directions were transverse and perpendicular
directions to the trailing and leading walls, respect-
ively. In this study, the duct cross-sectional aspect
ratio, AR (=H/W ), was varied among 0.25, 0.5, 1.0,

2.0, and 4.0 maintaining the same hydraulic diameter.
The procedure of the numerical analysis is the same

as our previous study [10]; thus, the procedure is

brie¯y explained. After applying a ®ltering operation
to the incompressible Navier±Stokes equation with a

®lter width equal to the grid spacing [6], the dimen-
sionless governing equations scaled by a length scale, l

(=0.5D ), and a mean friction velocity, u�, became a
set of dimensionless governing equations with respect
to grid resolvable components indicated by overbars as

( �u , �v , �w ) under the assumption of constant ¯uid prop-
erties. As shown in equation (1), Fi was an external
force term including the Coriolis force, and the buoy-

ancy term was ignored in this study. The mean press-
ure gradient term (with a value of 2) was added to the
external force term as shown in the following

equation:

Fi

0@ 0
2Ro� �w
ÿ2Ro� �v � 2

1A: �1�

The temperature was made dimensionless by using the
bulk temperature, Tb, and the friction temperature, Tr,

as y=(TÿTb)/Tr. Accordingly, the dimensionless
energy equation was derived for the grid resolvable
component, �y .
Subgrid-scale components of stress, tSGSij, and

energy ¯ux, aSGSj, are expressed as follows:

tSGSij � 2nt
�Sij and aSGSj � nt

PrSGS

@ �y
@x j

, �2�

where

�Sij � 1

2

�
@ �u i

@xj
� @ �u j

@x i

�
, �3�

nt � C 2
S�DxDyDz�2=3

��������������
2 �Sij

�Sij

q
: �4�

In this study, the dynamic subgrid-scale model devel-
oped by Germano et al. [13] was used in order to cal-

culate the value of CS as a function of spatial location
with the stable computational procedure of Lilly [14].

Fig. 1. Schematic of a rotating duct and coordinate system.
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Fig. 2. Change in averaged velocity vectors of secondary ¯ow caused by rotation ((a), (b), (c), (d), (e) correspond to aspect ratio

4.0, 2.0, 1.0, 0.5, 0.25, respectively. The numbers (e.g. (a1), (a2), (a3)) correspond to Ro�=0, 0.1, 2.0, respectively. (d1) and (e1) are

not shown because those are the same as (b1) and (a1), respectively. In each ®gure, upper and lower walls correspond to trailing

and leading walls, respectively).
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The turbulent Prandtl number for the subgrid-scale
component, PrSGS, was set to 0.5. The width of the

test ®lter was double the grid spacing and the space ®l-
ter was accurate to fourth order [15].
Discretization was performed by a ®nite di�erence

method. The spatial and temporal discretization
schemes were the fourth order central di�erencing
method and the Crank±Nicolson method for the vis-

cous term, and the fourth order di�erencing method
satisfying the conservative property [16] and the second
order Adams±Bashforth method for the convective

term, respectively. The external force term was also
treated by the second order Adams±Bashforth method.
The pressure ®eld was treated following the SMAC
method [17], and the algebraic equation for each vari-

able was solved by using the SOR method. The com-
putational domain was 2� 2� 12 (AR=1.0), 1.5� 3�
12 (AR=2.0), and 1.25� 5� 12 (AR=4.0), in x, y, and

z directions, respectively. This can be expressed by
using an inner length scale, n/u�, as 700 � 700 � 4200
for the stationary square case. The variables scaled by

the inner scales will be indicated by adding a super-
script, +.
The Reynolds number, Re� (=u�l/v ), was 350, and

the rotation number, Ro� (=ol/u�), was varied from 0
to 5.0. The Reynolds number de®ned by the mean vel-
ocity and the hydraulic diameter, Rem, was in the
range of 11,000±12,000 for the stationary cases of the

®ve di�erent ARs. At the wall boundary, no-slip and
constant heat ¯ux conditions were imposed. At the
inlet and outlet boundaries, the periodic boundary con-

dition was imposed in order to obtain a fully devel-
oped ¯ow.
The local Nusselt number, NuL, was calculated by

using the temperature averaged both temporally and
spatially in the streamwise direction considering the
homogeneity of the phenomena in this direction. The
averaged Nusselt number was calculated by using the

integrally averaged temperature di�erence on the area
in question.
Staggered grids in the physical domain were con-

tracted to the walls in the x and y directions by using
a tangent hyperbolic function. In the streamwise, z
direction, grid points were located uniformly. This

physical domain was transformed into a computational
domain of uniform grid spacing. The grid number was
65� 65� 65 for most cases, although for the cases of

small aspect ratio and high rotation number (AR=0.5,
Ro�=5.0 and AR=0.25, Ro�=2.0, 5.0), a grid number
of 95 � 47 � 65 in x, y, and z directions was used
instead because of the instability seen while performing

the computation. These grid con®gurations gave a grid
spacing of Dx+, Dy+=0.5ÿ68 and Dz+=65 with 2
to 7 grid points within the viscous sublayer (x+, y+

< 5) for the stationary case within the present AR

range. In the rotating cases, the thickness of the

boundary layer varied on each wall, and for the high-
est rotation number the trailing wall resulted in friction

velocity increasing by 30%. The time step interval was
Dt=5.0� 10ÿ4, which can be expressed as Dt+=0.175
when made dimensionless by an inner time scale, n/u 2

�.
The computation was started using the lower rotation
number result as an initial condition. The calculations
were carried out to 40,000 steps to fully develop the

¯ow. After the initial 40,000 steps were performed, an
additional 20,000 steps (t=10 or t+=3,500) were per-
formed for computing the statistical values. This

20,000 step computation needed about 65,000 CPU
seconds using an NEC SX4B.

3. Results and discussion

Fig. 2 shows the averaged velocity vectors of the sec-

ondary ¯ow in the x±y plane. In this study, the aver-
aged values were time-averaged and at the same time
spatially averaged in the streamwise direction taking

advantage of the homogeneity of the phenomena in
that direction. In each ®gure, Fig. 2(a), (b), (c), (d),
and (e) correspond to aspect ratio, AR, of 4.0, 2.0, 1.0,

0.5, and 0.25, respectively. The numbers following the
letters in the parentheses, (a1), (a2), and (a3), corre-
spond to the rotation number, Ro�, of 0, 0.1, and 2.0,
respectively. The ¯ow ®eld of this study should be

symmetric with respect to the plane of x=0, but the
results are shown without the average using this sym-
metric property. In Fig. 2, the results show that the

symmetry was enough to verify that the sample size
was su�ciently large for the statistical average. In the
stationary case ((1) in each ®gure) of every aspect ratio

case, the averaged vectors show the well-known sec-
ondary ¯ow of Prandtl's second kind which induces
the ¯ow component directing to the four corners.
When the rotation number is low (Ro�=0.1; (2) in

each ®gure), the secondary ¯ow induced by the
Coriolis force is observed in the ¯ow component com-
ing from the suction (leading) surface (the lower wall

in the ®gure) to the pressure (trailing) surface (the
upper wall in the ®gure) at the transverse center
(x=0). When the rotation number is further increased

(Ro�=2.0; (3) in each ®gure), there appears a vortex
pair locating near the trailing wall and inducing the
¯ow from the center on the trailing wall to the duct

center except in the lowest aspect ratio, AR=0.25, of
Fig. 2(e3), in which, on the contrary, there appears
three vortex pairs in the transverse direction. When the
aspect ratio is larger (AR y 1.0), a pair of vertically

elongated vortex sticking to the side walls is formed.
This pair of vortex is forced to move to the lower cor-
ner side in Fig. 2(d3) and (e3) as the aspect ratio

decreases.
Figs. 3±5 show the e�ect of the rotation on the root-
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mean-square (rms) values of the three velocity com-

ponents at the transverse center (x=0) for aspect
ratios AR=4.0, 1.0, and 0.25, respectively. In each

®gure, the stationary case (thin lines) shows a sym-
metric pro®le with respect to y=0. The rotation of the

duct changes this pro®le to one in which the large
value is only near the pressure (trailing) surface (the

right boundary in the ®gures). On the other hand, near

the suction (leading) surface (the left boundary in the
®gures) the rms values decay. When Figs. 3±5 are com-

pared to one another, it is seen that a smaller aspect
ratio suppresses the decay of the turbulence on the suc-

tion side. This tendency can be understood by consid-
ering the fact that the ¯ow becomes two-dimensional

as the aspect ratio decreases. The e�ect of the Coriolis

force on the turbulent ¯ow ®eld can be categorized
into two aspects: the direct in¯uence on the ¯uctuating

components and the indirect in¯uence through the
streamwise mean velocity pro®le changed by the

Coriolis induced secondary ¯ow [8]. The direct in¯u-
ence of the Coriolis force can be understood by consid-

ering additional production terms introduced by the

rotation in the transport equations of the Reynolds

stress; especially, source and sink terms for the wall

normal component of the Reynolds normal stress near

the pressure and suction surfaces, respectively [8]. It

was reported that the direct in¯uence became domi-

nant for the aspect ratio of AR=1/7 (=0.143) because

of the two-dimensionality attained in the transversely

¯at rectangular duct [11]. The dominant direct in¯u-

ence can be understood by considering the negligibly

small transverse gradient of the streamwise velocity

which induces a transversely uniform Coriolis force

acting in the y direction [see Eq. (1)]. This leads to the

balance between the pressure gradient and the Coriolis

force in the y direction for small aspect ratios. On the

other hand, for larger aspect ratios, the larger trans-

verse gradient of the streamwise velocity caused by the

transversely narrow ¯ow passage results in a stronger

secondary ¯ow due to a larger variation of the Coriolis

force as compared to smaller aspect ratios. Within the

present aspect ratio range, the indirect in¯uence of the

Coriolis induced secondary ¯ow was always observed.

In addition, the direct in¯uence acting on the ¯uctuat-

ing components became relatively stronger for smaller

aspect ratios, although the ¯ow did not become fully

two-dimensional.

Figs. 6±8 show the isocontours of the averaged

streamwise velocity, temperature, and turbulent kinetic

energy, k, including subgrid-scale components in the

x±y plane, respectively. The computational conditions

of each ®gure is the same as those in Fig. 2. In the

stationary case of (1) in each ®gure, each pro®le of

averaged variables has two-dimensional variation in

both x and y directions. When the rotation number is

low (Ro�=0.1; (2) in each ®gure), both velocity and

temperature ®elds shift to the pressure (trailing) side,

and the turbulent kinetic energy has larger and smaller

values near the pressure and suction surfaces, respect-

ively. When the rotation number is further increased

(Ro�=2.0; (3) in each ®gure), the ¯ow ®eld of Fig. 6

shows a transversely uniform pro®le. This uniformity

Fig. 5. E�ect of rotation on turbulence intensity (AR=0.25).

Fig. 4. E�ect of rotation on turbulence intensity (AR=1.0).

Fig. 3. E�ect of rotation on turbulence intensity (AR=4.0).
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Fig. 6. Change in averaged streamwise velocity caused by rotation (legend is the same as that of Fig. 2).
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Fig. 7. Change in averaged temperature caused by rotation (legend is the same as that of Fig. 2).
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Fig. 8. Change in turbulent kinetic energy caused by rotation (legend is the same as that of Fig. 2).
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can be understood by considering the balance between

the pressure gradient term and the Coriolis force

which does not have a component in the transverse (x )

direction. For this high rotation number case, es-

pecially the cases of ARr1.0, the temperature pro®le

shows a projected (convex) pro®le at the center on the

suction surface in Figs. 6(a3)±(c3); this temperature

pro®le, dissimilar to the transversely uniform velocity

pro®le, must be the consequence of the absence of the

Coriolis force and the pressure gradient in the energy

equation. For larger aspect ratios (ARy1.0), the vel-

ocity boundary layer on the pressure surface becomes

much thinner than that on the suction surface, and the

location of maximum velocity shifts to the pressure

surface. On the contrary, for smaller aspect ratios

(AR=0.5 and 0.25) in Figs. 6(d3) and (e3), the location

of maximum velocity shifts to the suction surface. In

the former case of ARy1.0, the Coriolis induced sec-

ondary ¯ow dominates the phenomena; on the other

hand, in the latter case of AR=0.5 and 0.25 the direct

in¯uence of the Coriolis force on the ¯uctuating vel-

ocity components must be dominant. The result of the

latter case, the shift of the maximum velocity location

to the suction surface, is similar to the previous result

of the turbulent ¯ow in a rotating two-dimensional

channel where only the direct in¯uence of the Coriolis

force exists [8].

In Fig. 8, the turbulent kinetic energy on the suction

side decays more rapidly for larger aspect ratios. This

must imply that the indirect in¯uence of the Coriolis

force on the turbulence through the streamwise mean

velocity pro®le is more intense than the direct in¯uence

within the present computational conditions.

Figs. 9 and 10 show the peripheral variation of the

local Nusselt number on the four walls for AR=2.0

and 0.5, respectively, with various Ro�. The Nusselt

number is normalized using the following empirical

correlation for a fully developed pipe ¯ow (Kays and

Crawford [18]):

Nu1 � 0:022Re0:8m Pr0:5: �5�

In both ®gures, as the rotation number increases, the
Nusselt number increases and decreases on the press-

ure (trailing) and suction (leading) surfaces, respect-
ively. On the side walls, the Nusselt number decreases
from the trailing side to the leading side, and the sym-

metric pro®le is observed with respect to the mid-
points of both the trailing and leading walls. The lar-
ger aspect ratio case of Fig. 9 gives a higher enhance-

ment rate on the trailing and side walls as the rotation
number increases as compared to the smaller aspect
ratio case of Fig. 10. On the trailing wall, the Nusselt
number pro®le shows a concave shape at the center of

the wall, which must be caused by the vortex pair
locating near the trailing wall and transporting the
¯uid from the trailing wall to the main ¯ow as seen in

Fig. 2.
Fig. 11 shows the e�ect of rotation on the wall-aver-

aged Nusselt number, Nuw. In the ®gure, the horizon-

Fig. 9. Peripheral variation of local Nusselt number for var-

ious Ro� (AR=2.0).
Fig. 10. Peripheral variation of local Nusselt number for var-

ious Ro� (AR=0.5).

Fig. 11. E�ect of rotation on heat transfer averaged for each

wall (for the aspect ratio, AR, Qq:4.0, Rr:2.0, *w:1.0,

Tt:0.5, ^^:0.25; ®lled and open symbols are for trailing

and leading walls, respectively, except for I: side wall of

AR=1.0).

A. Murata, S. Mochizuki / Int. J. Heat Mass Transfer 42 (1999) 3803±38143812



tal axis is the rotation number, Rom, de®ned by using

the mean velocity and the hydraulic diameter. Because
it is widely used in experiments, this de®nition was
adopted to allow for easier future reference by other

researchers. As Rom increases, Nuw increases and
decreases on the pressure (trailing) and suction (lead-
ing) surfaces, respectively. In addition, the increase in

the aspect ratio drastically enhances the heat transfer
on the pressure surface, although on the suction sur-
face it mildly suppresses the heat transfer. The value of

the side wall for AR=1.0, shown in the ®gure for com-
parison, shows mild enhancement as Rom increases. It
should be noted that the Rem decreases as Rom
increases because the increase of Rom induces the

increase of pressure loss and thus the decrease of ¯ow
rate in the present computation.
Fig. 12 shows the friction coe�cient, Cf , and the

Colburn's j factor. In the stationary case which is dis-
played by the right most plot for each symbol, both Cf

and j approximately agree with the empirical corre-

lations of Kays and Crawford [Eq. (5)] and Blasius
[Eq. (6)]:

CfB � 0:079Reÿ0:25m : �6�

When Ro� increases, the mean streamwise velocity
decreases (the data move to left hand side in the
®gure), and both Cf and j increase. When the aspect
ratio is varied, the friction coe�cient is well correlated

on a line in the ®gure; on the contrary, the Colburn's j
factor gives higher values for larger aspect ratios,
although a few exceptions are seen at higher rotation

numbers. As seen in Figs. 9 and 10, the ¯ow ®eld vari-
ation induced by the larger aspect ratio enhances the
heat transfer on the trailing and side walls more inten-

sely than that in the smaller aspect ratio cases, and
therefore the duct-averaged heat transfer has a higher
value for larger aspect ratios.

4. Conclusions

Within the aspect ratio range (AR=0.25±4.0) exam-
ined in this study, the e�ect of the Coriolis force on
the turbulent ¯ow in the orthogonally rotating duct

was seen in both the indirect and direct in¯uences
which were caused by the mean velocity pro®le modi-
®ed by the Coriolis induced secondary ¯ow and by the

direct action of the Coriolis force on the ¯uctuating
components, respectively. The relative contribution
ratio of these two in¯uences changed according to the

value of the aspect ratio. The increase in the rotation
number caused the increase and decrease of the heat
transfer on the pressure and suction surfaces, respect-
ively. The duct-averaged values, the friction coe�cient

and the Colburn's j factor, increased as compared to
the empirical correlations for the fully developed ¯ow.
The Colburn's j factor showed larger values for larger

aspect ratios, which were caused by the more intense
heat transfer enhancement on the pressure (trailing)
surface and the side walls as compared to that of the

smaller aspect ratio cases.
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